ESTIMATES FOR EIGENVALUES OF 
THE PANEITZ OPERATOR* 



QING-MING CHENG 



Abstract. For an n-dimensional compact submanifold M" in the Euclidean 
space R^, we study estimates for eigenvalues of the Paneitz operator on M". 
Our estimates for eigenvalues are sharp. 



1. Introduction 



For compact Riemann surfaces M^, Li and Yau [13] introduced the notion of confor- 
mal volume, which is a global invariant of the conformal structure. They determined 
the conformal volume for a large class of Riemann surfaces, which admit minimal 
immersions into spheres. In particular, they proved that for a compact Riemann 
surface M^, if there exists a conformal map from into the unit sphere 5*^(1), 
then the first eigenvalue Ai of the Laplacian satisfies 

Aivo1(M2) < 2K(iV, M^) 

and the equality holds only if is a minimal surface in 5*^(1), where K;(A^, M^) 
is the conformal volume of M^. 

For 4-dimensional compact Riemannian manifolds, Paneitz p2j introduced a fourth 
order operator Pg defined by, letting div be the divergence for the metric g, 

(1.1) PJ = AV - div[i^Rg - 2Ric)V/] , 

for smooth functions / on M'^, where A and V denote the Laplacian and the gradient 
operator with respect to the metric g on M^, respectively, and R and Ric are the 
scalar curvature and Ricci curvature tensor with respect to the metric g on M'^. 
Furthermore, Branson [1] has generalized the Paneitz operator to an n-dimensional 
Riemannian manifold. For an t?,- dimensional Riemannian manifold {M^,g), the 
operator Pg is defined by 

rn 4 

(1.2) Pgf = AV - dw[{a^Rg + 6„Ric)V/] Q/, 



where 



Q = Cn|Ric|^ + dn- —f 

2[n — 1) 
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is called Q-curvature with respect to the metric g, 

(n-2)2 + 4 , 4 



2(n-l)(n-2)' " n-2' 
2 n(n-2)2-16 



(n-2)2' " 8(n- l)2(n-2)2- 

This operator is also called Paneitz operator or Branson-Paneitz operator. It is 

known that Paneitz operator is conformally invariant of bi-degree — ' — 

that is, under conformal transformation of Riemannian metric g = e'^'^go, the Paneitz 
operator Pg changes into 

(1.3) PJ = e-^-F,„(e^-/). 

Let OJt(M") be the set of Riemannian metrics on M". For each g e 9Jt(M"), the 
total Q-curvature for g is defined by 



Q[g] = [ Qdv. 



When n = 4, from the Gauss-Bonnet theorem for dimension 4, we have 

(1.4) Ql9] = -^[ \W\'dv + 8n\iM'), 

4 7m4 

where W is the Weyl conformal curvature tensor and x(^^) is the Euler character- 
istic of M^. Hence, we know that the total Q-curvature is a conformal invariant for 
dimension 4. In [H], Nishikawa has studied the variation of the total Q-curvature for 
a general dimension n. He has proved that a Riemannian metric g on an n{n ^ 4)- 
dimensional compact manifold M" is a critical point of the total Q-curvature func- 
tional with respect to a volume preserving conformal variation of the metric ^r, if 
and only if the Q-curvature with respect to the metric g is constant. 
Since the Paneitz operator Pg is an elliptic operator and P^l = for n = 4, we 
know that Aq = is an eigenvalue of Pg. Gursky I^IOJ shown that if the Yamabe 
invariant of is positive and the total Q-curvature is positive, the first eigenvalue 
Ai is positive. For > 6, Yang and Xu [16] have proved the Paneitz operator 
Pg is positive if the scalar curvature is positive and Q-curvature is nonnegative. 
Furthermore, see [21 HI El [12] . 

For 77, > 3, we consider the following closed eigenvalue problem on an n-dimensional 
compact manifold M": 

(1.5) PgU = Xu. 

Since Pg is an elliptic operator, the spectrum of Pg on is discrete. We assume 

< Ai < A2 < ■ • ■ , Afc < • ■ ■ +00 

for n 7^ 4 and for n = 4, 

= Ao < Ai < A2 < ■ ■ ■ , Afc < ■ ■ • +00. 
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When n = 4, Yang and Xu [IT] have introduced an A^-conformal energy Ec{N, M^) 
if can be conformally immersed into the unit sphere S'^(l) and have obtained 
an upper bound for the first eigenvalue Ai: 

Aivol(M^) < E^{N,M^), 

where vol(M") denotes the volume of M". Furthermore, Chen and Li [iSj have also 
studied the upper bound on the first eigenvalue Ai when M"^ is considered as a 
compact submanifold in a Euclidean space R^. They have proved 

{vol(M4)}' 

and the equality holds if and only if is a minimal submanifold in a sphere 
S'^~^(r) for > 5 and is a round sphere S'^(r) for = 5. In [9], the second 
eigenvalue A2 of the Paneitz operator Pg is studied. By making use of the conformal 
transformation introduced by Li and Yau [13], Chen and Li proved, for n>7, 



A2Vol(M") < -n{n^ - 4) /" \H\^dv + - — - [ Qdv 
2 J M" 2 J 

if M" is a compact submanifold in the Euclidean space R^. Here \H\ denotes the 
mean curvature of M" in R^. As they remarked, their method does not work for 
3 < n < 6. 

The purpose of this paper is to study eigenvalues of the Paneitz operator Pg in n- 
dimensional compact Riemannian manifolds. Our method is very different from one 
used by Chen and Li [9] and Xu and Yang [17]. From Nash's theorem, we know that 
each compact Riemannian manifold can be isometrically immersed into a Euclidean 
space R^. Thus, we can assume M" is an n- dimensional compact submanifold in 
R^. 

Theorem 1.1. Let (M^, g) be a A- dimensional compact submanifold with the metric 
g in R^. Then, eigenvalues of the Paneitz operator P„ satisfy 



^' ~^ vol(M4) 

and the equality holds if and only if is a round sphere S'^{r) for N = 5 and 
M'^ is a compact minimal submanifold with constant scalar curvature in S^^^{r) 
for N > 5. 

Corollary 1.1. Let (M'^, g) be a 4- dimensional compact submanifold with the metric 
g in the unit sphere 5*^(1). Then, eigenvalues of the Paneitz operator Pg satisfy 



^ . ^I,A^Q\H\' + lQ + lR)dvJ^,m' + '^)dv 
^ ^' - vol(M4) 

and the equality holds if and only if is a compact minimal submanifold with 
constant scalar curvature in S^il). 
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Theorem 1.2. Let {M'\g) (n > 4) be an n- dimensional compact submanifold with 
the metric g in R^. Then, eigenvalues of the Paneitz operator Pg satisfy 



< y ^ ^'^^^ ujdv + 2(n + 2) ^ ^(Vmi, Vui)di; 

xw / n^\H\^uldv + A g{Vui,Vui)dv 



anc? t/ie equality holds if and only if M'^ is isometric to a sphere S"'{r), where Ui is 
the normalized first eigenfunction of Pg. 

Remark 1.1. In our theorem 1.2, we do not need to assume the positivity of the 
Paneitz operaator Pg. 

If the Paneitz operator Pg is a positive operator, we have 

Theorem 1.3. Let {M'^,g) {n ^ 4) he an n-dimensional compact submanifold with 
the metric g in the unit sphere S^{1). Then, eigenvalues of the Paneitz operator Pg 
satisfy 



< n 



I n — A 

^Xw„((n2|i/|2 + n2) + {nan + hn)R + -^Q)dv + l)dv 



vol(M") 



2. Eigenvalues of the Paneitz operator on Af"' 

Since M" is an n-dimensional submanifold in R^. Let (xi,--- ,Xn) be a local 
coordinate system in a neighborhood C/ of p e M". Let y be the position vector of 
p in R-^, which is defined by 



y = {yi{xi-, ■ ■ ■ • ■ ■ ,yN{xu ■ ■ ■ ,Xn)). 



Let g denote the induced metric of M" from R^ and <, > is the standard inner 
product in R-^. Thus, we have 
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Lemma 2.1. For any function u G C°°(M"), we have 



N ^ ^ N ^ N 



9ij ^^rinr-^ rinr ■ Finn: Fill ' ' ^ F)ni-^ fiiia 



dxi ' dxj dxi dya ' dx^ dyp dx^ dx^ ' 



a=l 

N N 

(2.1) 5^^(Vy«, Vy«) = 1^^"!' = 

a=l a=l 



Q=l 



J]A|/«V2/« = 0, 



a=l 



where V denotes the gradient operator on M" anc? is the mean curvature of M^. 

Proof of Theorem 1. Let Ui be an eigenfunction corresponding to eigenvalue Aj such 
that {mjI^q becomes an orthonormal basis of L'^{M"-), that is, 

/m4 ^ii^ijC^^ = ^ij, ^, i = 0, 1, ■ ■ ■ • 
We define an x A'^-matrix A as follows: 

where aa/j = Jj^4,yaUoUi3dv, for q;,/5 = 1,2,-- - ,A^, and y = (ya) is the position 
vector of the immersion in R^. Using the orthogonalization of Gram and Schmidt, 
we know that there exist an upper triangle matrix T = (T^^) and an orthogonal 
matrix U = {qap) such that T — UA, i.e., 

N r ^ 

Tap = ga7«7/9 ^ qa-yU-yUoU^dv = 0, 1 < ^ < a < N. 

N 

Defining z^^Y^ Qa-iU^, we get 

7=1 

/ ZaUoUpdv = / "S^^Qa-yy'yUQUjjdv = 0, 1 < 13 < a < N. 

Putting 

:= {za - ba)uo, ba := / Zauldv, I <a< N, 

J Mi 

we infer 

/ ^aUpdv = 0, < /3 < a < N. 
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Thus, from the Rayleigh-Ritz inequahty, we have 

K / i^ldv < / ijjaPg'ipadv, 

Since uo is constant and 
(2.2) 

according to the Stokes formula, we derive 

i>aPgi^adv 



l<a< N. 



Pg^oc = A2(z«Mo) - div[(-i?^ - 2Ric)V(;2«Wo)]: 



M4 



M4 



{^z^ful + g{{^Rg - 2Ric) V^«, Vz^)ul 



dv. 



Prom the lemma 2.1, we have 



N 

= E 

a=l 

= I {l&\H\^^\R)uldv. 



(Az^) ul + g{{-Rg - 2Ric) Vz«, 



dv 



Hence, 
(2.3) 

On the other hand. 



N 

Y^kI ^ldv< I {IQ\H\^ + \R)uldv. 



M4 



1pa{UoAZa)dv 



/ (ZaUo - Uoba){uoAZa)dv 

J Ml- 

\V{ZaUo)\'^dv. 



Therefore, for any positive 5 > 0, we obtain from (2.3) 

Aa / \V{ZaUo)\'^dv 



M* 



= -Aa / ila{uo/S.Za)dv 

<^(a„/ i^ldv + ^ [ {uoAzafdv) 
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VaI / \V{z^uo)\Hv 

a=l 

1 ^ r ^ ^ r 

(2-4) <UsJ2xJ ^> + ^E/ (uoAz^rdv) 

<1{S [ {l6\H\' + lR)uldv + j[ 16\H\\ldv). 



It is not hard to prove that, for any point and for any a, 



Hence, 



N 



a=l 



a=l 

4 AT 



i=l A=5 
4 4 

(2.5) =E^Jl^^^l' + ^t(4-El^^^l') 

i=i j=i 

it']- 

We obtain, by (2.4) and (2.5), 

4 

Taking 



1^ \ l^,{\m?^\R)<dv 

we have, because of = ^ vo1(m4) ^ 

^ ' ~ vol(M4) 
If the equahty holds, we have 

Ai = A2 = • • • = Atv, 
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(2.7) A{Za-ba) = -^/>^55iz^-ba). 

According to Takahashi's theorem, we know that is a round sphere S'^(r) for 
N = 5 and is a minimal submanifold in a sphere S^~^{r) for N > 5 with 
I^a=i(-^a — = ■ Thus, we have 

Ai = A2 = • • • = Aiv 



From the definition of the Paneitz operator Pg, we have 

(2.8) Pg{za - ba) = A''{za - &«) - div[(^i?5 " 2Ric)V(z, - ba)] , 

that is, from (2.7) and (2.8), we have 

A5(l - 5^){za - ba) = -div[(^i?^ - 2Ric)V(za - 6,)] . 

According to "^^^li^a — ba)^ = r^, we obtain 

^ 2 

A5(l - = y^aiinRg - 2Ric)V(^a - b^),V{z^ - 6„)). 



Hence, 



A5(i - s'y = ^R. 



Thus, the scalar curvature R is constant. Hence, is a compact minimal subman- 
ifold with constant scalar curvature in a sphere S^~^{r). This finishes the proof of 
theorem 1.1. 

Proof of Corollary 1.1. Since the unit sphere S^{1) is a hypersurface in R^+^ with 
the mean curvature 1, can be seen as a compact submanifold in R^"*"^ with the 
mean curvature \/\H\'^ + 1. According to the theorem 1.1, we complete the proof 
of the corollary 1.1. 



3. Eigenvalues of the Paneitz operator on M" {n ^ 4) 



Proof of theorem 1.2. Since n > 4, eigenvalues of the Paneitz operator Pg satisfy 

Ai < A2 < • • • , Afc < • • • ^ +00. 

Let Ui be an eigenfunction corresponding to eigenvalue Aj such that {ui}'^i becomes 
an orthonormal basis of L'^{M^), that is, 

Pg^^i — Aj'Uj, 

/m" ^i'^jdv ^Sij, i, j = 1, 2, • • • . 
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We shall use the same idea to prove the theorem 1.2. But, in this case, we need to 
use the first eigenfunction ui, which is not constant in general. Thus, we need to 
compute many formulas. We define an N x A'"-matrix A as follows: 

where aai3 = Ji^^n yaUiUi3+idv, for a, /? = 1, 2, • • • , A^, and y = is the position 
vector of the immersion in R^. Thus, there is an orthogonal matrix U — {qa/3) such 
that 

ZaUiUp-^idv — 0, 1 < (3 < a < N, 



N 

where Za — QajV'y- Putting 
7=1 



(za - aa)ui, := / Zaufdv, 1 <a< N, 



we infer 



/ i^aUfjdv = 0, l</3<a<N. 
Thus, from the Rayleigh-Ritz inequality, we have 
(3.1) Aa+i / (pldv < / ipaPg(Padv, 1 < a < N. 

Pg^Pa = Pg{ZaUi) - ttaPgUi = Pg{ZaUi) - XittaUi- 

Pg{ZaUl) 

fi 4 

^A^{zaUi) - div[{anR9 + bnRic)\/{zaUi)]-\ —Q{ZaUi) 

^A^Za ui + 2AzaAui + 2A^(V2„, Vui) 

+ 2g{\/za, V(Ami)) + ZaA'^ui + 2g{V{Aza), Vwi) 

4 

- div [ui{anRg + bnRic)Vza\ -div [za{anRg + 6nRic) Vui] H — —Q{zaUi) 

^A'^Za ui + 2AzaAui + 2Ag{Vza, Vmi) + 2g{Vza, V(Ami)) + 2^(V(Az„), Vwi) 

- div[ui{a„Rg + bnRic)Vza] -g{Vza, {a^Rg + hnRic)Vui) + z^Pui 

=ra + XlZaUi 

with 

= A^Za ui + 2A2;„Aui + 2Ag{Vzc,, Vmi) 
+ 2g{Vz^, V(Ami)) + 2g{V{Az^),Vu^) 
— (ii'v\ui{anRg + 6„Ric)V2;Q,] —giyza, {cinRg + 6nRic)VMi). 
According to the Stokes formula, we derive 

/ TaUidv — 0. 
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Letting 



/ VocPgVadv^l (Pa{Pg{ZaUi) - XiaaUi)dv 

Hence, 

(3.2) {Xa+l - Ai) / (fldv < / (paTadv ^ Wa ^ ZaUiVadv, 1 < a < N. 



By a direct calculation, we obtain 



2 / ZaUigiy{/^Za),Vui)dv= I {/^Za) u^dv 

J M'^ Jm" 
+ / AZa9{VZa, Vul)dv - / {ZaA'^Za)uldv, 

2 / ZaUiAgCVza, Vuljdv = 2 / uiAzag{V z^, Vui)dv 
+ 2 ZaAuig{Vza,Vui)dv + 4: / g{Vza,Vuifdv 

J M'^ Jm" 

2/ ZaUig{Vza,'V{Aui))dv = -2 uiz^AzaAuidv 

-2 uiAuig{V Za,V Za)dv - 2 Zag{V Za,Vui)Auidv. 
Thus, we derive 

(Xa+l - Ai) / (fildv <Wa^ ZaUiTadv 

(3.3) = / {uiAza + 2g{Vza,Vui)ydv + / ulg{{anRg + bnRic)Vza,Vza)dv 
-2 g{Vza, Vza)uiAuidv, 1 < a < N. 

Prom the lemma 2.1, we have 

N 

- Ai) / ipldv 

(3.4) a=l -^A^" 

< / {n'^\H\'^ + (nan + bn)R)uldv + 2(n + 2) / g{Vui,Vui)dv. 

J J 
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On the other hand, 

/ ipaiuiAza + 2g{Vza,Vui)]dv 

(3.5) = y (za- aa)ui (^lAza + 2g{Vza, Vmi)^ dv 

— — \uiVZafdv. 

Therefore, for any positive 5 > 0, we obtain, from (3.5), 

(Aa+i-Ai)W \UiVZa\^dv 

(3.6) =-(Aa+i-Ai)W ipJuiAza + 2g{Vza,Vui)]dv 

Jm-^ \ J 

< i((5(A«+i - Ai) / ^Idv^- I (uiAza + 2g(Vza,Vui)] dv\. 

^ L JM" JjVfn \ /J 

According to (3.4) and (3.6), we infer 
^^(Aa+i - Ai)5 / |uiV2;a|^(iv 

1 f ^ /■ 1 ^ /" 2 
^ o 1 ^ y](Aa+l - Al) / i^^dv + T y] / (miA^,, + 2^(V;2a, V U^))" dv 

(3.7) 2 t ^ <^ fr^iM" 

<\h\ {n^\H\^ + {nan + bn)R)uldv + 2{n + 2) I g{Vui,Vui)dv\ 

2 {Jm" Jm^ ) 

+ ^\ 1 n^\H\^uldv + 4 I g{Vui,Vui)dv\. 
By the same proof as the formula (2.5) in the section 2, we have 

N n 

(3.8) l](Aa+i - Ai)5|V^a|' > J](A,+i - Ai)i 
Hence, we obtain 

Ti 

E(Vi-Ai)^ 

(3.9) <ls( [ {n^\H\'^ + {nan + bn)R)uldv + 2{n + 2) [ g{Vui,Vui)dv 

+ 7^(/ n'^\H\'^uldv + 4: I g{Vui,Vui)dv). 

Letting S denote the squared norm of the second fundamental form of M", from 
the Gauss equation, we have 

R^n(n- 1)\H\'^ - {S - n\H\'^) < n{n - l)\H\\ 
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we have 
Taking 



nan + bn 
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- 2// - 4 



>0, 



n^\Hf + (nan + bn)R< 



2{n - 1) 

n(n2 -4)|i/|2 



1 
6 



-4)|i/ 



-uldv + 2(n + 2) ^(Vi^i, VMi)di; 



we have 



(3.10) 



< 



X 



n{n^-A)\H\ 



■Mf(iv + 2(n + 2) /" g{Vui,Vui)dv 



\H\'^uldv + 4 / g{Vui,Vui)di 



If the equahty holds, we have 

A2 = A3 = • • • = Aat, 

and S = Thus, M" is totally umbilical, that is, M"' is isometric to a sphere. 

It completes the proof of the theorem 1.2. 

Corollary 3.1. Let [M^-^g) {n > 4) be an n- dimensional compact submanifold with 
the metric g in the unit sphere S^{1). Then, eigenvalues of the Paneitz operator Pg 
satisfy 



s:(A,+i-Ao^ 



(3.11) 



< 



n(n2-4)(|i7|2 + l) 



uldv + 2{n + 2) I g{Vui,Vui)dv 



X 



/ 

Jf n^{\H\'^ + l)uldv + A f g{Vui,\/ui)di 



and the equality holds if and only if is isometric to a sphere S"'{r), where ui is 
the normalized first eigenfunction of Pg. 

Proof of Theorem 1.3. Since n 7^ 4, we assume that eigenvalues of the Paneitz 
operator Pg satisfy 

< Ai < A2 < • • • , Afe < V +00. 
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Let Ui be an eigenfunction corresponding to eigenvalue Aj such that {ui}°Zi becomes 
an orthonormal basis of L^(M"'), that is, 

/m" ^i^jdv = i, j = 1, 2, ■ ■ ■ . 

Wc shall use the similar method to prove the theorem 1.3. We define an (A'^+ 1) x 
(A^ + l)-matrix A as follows: 

A := {ttap) 

where aafi = Jj^„ yaUpdv, for a, /3 = 1, 2, ■ ■ ■ , iV + 1, and y = (ya) is the position 
vector of the immersion in R-^'*"-'^ with |yp = Z^a=i^ 2/a ~ 1- Thus, there is an 
orthogonal matrix U — {qap) such that 

/ ZaU^dv = 0, l</3<a<iV + l, 

N+1 

where Za—Yl, QajV-y- Since U is an orthogonal matrix, we have 

7=1 

N+1 



Putting 
we infer 



l<a<N+l, 



/ ipaUi3dv = 0, 1 < P < a < N + 1. 
Thus, from the Rayleigh-Ritz inequality, we have 

Aa / i^ldv < / xl^ocPg^adv, 1 < « < TV + 1. 
J Jm" 

(3.12) Pgijo.= Pg{Za). 

According to the Stokes formula, we derive 



IpaPglpadv 



2 Tl 4 r 

{Aza) +g{{anRg + bnRic)Vza, VZa) H ^QizaY 



dv 



Prom the lemma 2.1, we have 

N+l 



(3.13) 



/ IpaPg'^adv 

N+l 

= E 



2 ft — 4 

{Aza) +g{{anRg + 6„Ric) V^;^, Vz^) + -^Q{zaf 



dv 



r — 4 

/ {{n^\H\^ + v?) + {nan + hn)R+ ^—Q)dv. 
Jm" 2 
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(3.14) VAa/ V>< / {{n^W + n'') + {nan + bn)R+'^Q)dv. 

a=l 



On the other hand, 



(3.15) 



Za^Zadv = — IVZal'^dv 



Therefore, for any positive 5 > 0, we obtain 

AI / \Vza\^dv 

(3.16) 



-Aa / ^a{^Za)dv 



and 



a=l 



Wz„\ dv 



TV+l 



(3.17) 



< 



/ (' 



N+l 



a=l 1 



n 



fi 4 

|i/|^ + n^) + (nan + 6n)i? + — — g)(iv 



+ - / (n'|i/|^ + n')d^; 



By using the same proof as the formula (2.5) in the section 2, we have 



7V+1 



(3.18) 

Thus, we obtain 



EA^|V^a|'>^A 



a=l 



(3.19) 



Taking 



V A|vol(M") < - 5 / ((ri'|i/|' + n^) + (na„ + K)R + ^— g)dt; 

. ^ 2 [ Jyin 2 



+ ^ / {n'\EY^n')dv 



1 

s 





H 


n — 4 

2 + n^) + (na„ + 6„)i? + -^Q)dv 




H 


2 + ii?)dv 
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we have 



/^„((n2|i/|2 + n2) + (na„ + + '^Q)dv + l)dv 



j-^ 1 - vol(M") 
If the equahty holds, we have 

A2 = A3 = • • • = Ajv+i, 
|V2;i| = 1 because of Ai < A2 and 

/S.zi — —s/XiSzi, Azq, = —s/KiSzo, for a > 1. 

Since 

Af+l 
a=l 

we have 

n — + {s/XnS — ■\/Xi5)z\ — 0. 

Thus, 

or zf is constant. It is impossible because |V2;i| = 1 and Ai < A2. Therefore, the 
equality does not hold. It completes the proof of the theorem 1.3. 
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